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Abstract:

In this paper, we consider the long-term health insurance (LTHI) as a sequence of
short-term insurance contracts that the contracting parties negotiate to maximize
their desired utility. @ We consider optimal premium and optimal insurance
coverage as the optimal contract, and determine it based on the negotiation
model. The negotiation parameter of the optimal contract is determined among
the set of Pareto-optimal contracts by the Nash solution. We use state-contingent
bi-linear approach and time series modeling to estimate health costs. We calculate
the bootstrap projection interval for the optimal premium in the coming years

due to the uncertainty in estimating the parameters of the predictive model.

Thus, the policyholder is aware of the premium projection interval at the time of
contract conclusion.

Keywords: Reclassification, Pareto-optimal Contract, Nash solution, Bootstrap

method
JEL Classification: 1130, C78, C53.

Introduction

The population of many countries is aging due to the mortality and fertility rates
and downturn in the prevalence of the disease. With incremental life expectancy,
medical costs and consequently the demand for health insurance is increasing. In-
surance companies usually offer the short-term health insurance where estimation of
medical costs is less uncertain. At the time of signing such a contract, the premium
is determined as the present value of the expected costs in the next year. Moreover,
the insurers are able to underwrite risks and adjust the next year’s premiums due
to health state of insured in the current year. However, if the insured’s health con-
dition deteriorates, the amount of next year premium and insurance coverage will
be indeterminate. In short-term health insurance, the insured is exposed to the risk
of reclassification and doesn’t know whether he/she would have insurance coverage
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for the next year or not! Hence, such short-term health insurances are not very
attractive to policyholders. Conversely, in some cases the insured, learning, he/she
will have relatively high health costs, buys short-term health insurance. Therefore,
the potential of exciting adverse selection is higher than the long-term one.

Claxton et al. (2017) described undesirable features of short-term health insur-
ance such as a raised uninsurance rate of population, unaffordable premiums for
high risk individuals and premium fluctuations due to the changes in health condi-
tions. To overcome this issue, using standard regulatory tools such as community-
rated premiums and guaranteed issuance, lead to cross-subsidization from the low
risk towards the high risk. The main unintended consequence of cross-subsidization
is an adverse selection and an alternative is the long-term health insurance contract
(Atal et al 2020).

In conventional long-term health insurance, the level premium is set for all pe-
riods of contract and there is a unilateral commitment to terminate the contract
which means the insured can replace the current contract with better ones but the
insurer is not allowed to terminate the contract except in special cases. Under
long-term health insurance high risk insureds pay relatively low premium and com-
pensate by paying relatively high premium in healthy times. In theory, a long-term
contract can reduce the risk of premium fluctuations due to the reclassification risk
by ensuring participation and eliminating adverse selection. However, fluctuation
in the health condition of insureds may increase the insurer’s risk.

Cochrane (1995) considered a sequence of short-term insurance policies in the
form of time consistent insurance policies, combined with a special account and
replaced with long-term contract. He determined the optimal premium based on
maximizing the insured utility function. In his model the health condition of the
insured was monitored at the end of each year. If his health condition improved,
the insured should deposit the present value of the premium deduction, the so-
called severance payments, to the account otherwise the insurer should deposit the
present value of excess premium into the account. Hendel and Lizzeri determined
the optimal contract in life insurance with one-side commitment.

Atal (2016) considered the impact of insured lock-in to the contract on the
matching between individuals and health care providers in Chile. Fleitas et al (2018)
studied limited dynamic pass-through of expected medical costs into premiums in
the small group market.

Wiseman (2018) designed a dynamic model for long-term health insurance, in
which the premiums and the insurer’s coverage were defined based on the insured’s
income and health state. In his model the optimal coverage was calculated by
maximizing only the utility function of insured due to the budget constraint. Ghili
et al. (2019) showed that the optimal contract with one-sided commitment only
partially insured reclassification risk, because fully omitting reclassification risks
needs large front-loaded payments. They also, studied the welfare implications of
such contracts relative to alternative insurance market. Atal et al. (2020) provided
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a systematic welfare analysis of an existing long-term health insurance contract with
a distinct advantage of low information requirements for implementation. Their
proposed contract, even though theoretically was not optimal, but provided a close
approximation in terms of welfare to the optimal contract derived by Ghili et al.
(2019).

Since in long-term health insurance, premium and insurance coverage (reim-
bursement part of health costs) are determined at the issuance time of contract,
therefore it is reasonable to consider the utility of both parties. In order to find
optimal contract, including optimal premium and insurance coverage, the insurance
contract can be modeled as a two-person bargaining game in which the two parties
negotiate with each other to maximize their profits. Several papers investigated
optimal contracts in different contexts. Borch (1960) obtained the optimal set of
Pareto contracts and then identified one of them, which was related to the Nash
solution. Arrow (1974) proved that the optimal policy for an insurance buyer is one
that offers complete coverage, beyond a fixed deductible. Borch (1992) examined
the equilibrium as a result of a multi-player bargaining game, taking into account
the reinsurance market. Golubin (2002) studied a problem of parametrical opti-
mization of insurance policies under various assumptions on the risk distribution.
Golubin (2006) analyzed Pareto’s optimal insurance policies when the insurer and
the insured were risk averse and solved the problem in a situation where premiums
were a function of the insurer’s risk. Boonen et al. (2016) assumed that insurance
companies shared additive utility functions and optimal reinsurance contract was
determined by Nash bargaining solution. Ghossoub (2017) identified the optimal
Pareto insurance policies under the heterogeneity of distribution based on the Arrow
case (1971). Jiang et al (2019) assumed the two parties of the reinsurance contract
may not agree on the loss distribution during negotiations. After determining the
Pareto’s optimal contracts, they specify the optimal insurance contract commen-
surate with Nash(1950) and KalaiSmorodinsky(1975) bargaining solution. In this
paper, we consider long-term health insurance as a sequence of annual insurance
policies in which optimal contract in the given period, including optimal premium
and optimal coverage, determined based on negotiation model where the negotia-
tion parameter is obtained by Nash solution. Health costs are determined using
the model of Christiansen et al. (2018) in relation to insureds age, initial health
state and calendar year of the contract. Health states are classified according to
the health costs so that the parameters of projective model depend on the health
state. Due to the uncertainty in estimating the parameters of health costs predic-
tive model, the projection interval for future optimal premiums is determined at
the beginning of the contract using bootstrap methods. Assuming that the insured
and the insurer are risk averse, they enter into a long-term contract that ensure
the benefit of both parties in this way, the insured is covered against reclassifica-
tion but the coverage is state-contingent and the projection interval of the optimal
premiums is available for all periods at the issuing time of contract.



26 JOURNAL OF MATHEMATICS AND MODELING IN FINANCE

The remainder of this paper is structured as follows. Section 2 2 analyzes the
methodology of our proposed model for long-term health insurance. Section 3 3
presents the application of our model to real data. Finally, we concluded this paper
in Section 4 4.

2 Methodology

We propose a T-period health insurance contract in which insured’s health costs
at age x in the calendar year ¢ denoted by Y, (¢,). We assume that the insurer
and the insured are risk averse. Following [9], Y, (t) drawn from normal distribu-
tion with parameters (o, + 8Lk', 0?) Where of, is the age index and exhibit the
typical shape of the average annual medical costs. k! accounts for the time trend
due to improvements in longevity, medical inflation, etc. which is projected by
ARIM A(0,1,0) model while 8 is an age response that modulate k* and SLk? is
the interaction of age and time.

Based on the health expenses, we assume health states as the 3 bounded classes.
If a; <Y, (t) < b; then Y, (¢) belongs to class i, and Y (¢,7) fallows normal dis-
tribution with parameters a%? + BLPK%¢ 02, Such that the parameters of Normal
distribution related to class i. Let, C (t,i) and ch’s denote the insurance cover-
age and premium for a person with initial health state s and current state i and
health expenses Y, (¢,4) respectively. C, (¢,17) is continues and based on indemnity
principle in insurance can not exceed Y; (t,7). The average health expenses for an
x years old insured with an initial health state s at the calendar year ¢ of contract
and discounted average health costs across all T' years are as follows:

uw,s:ZE(Yx(t,i))P(S (t) = i[5z (0) = s) (1)

s=D ) VTE(Ya (4,1) P(S. (1) = ]S: (0) = 5) (2)

t=1 i=1
If the initial state is unknown the unconditional average health costs for an x years
old insured at the calendar year ¢ of contract and discounted unconditional average
health costs across all T years will be shown by m*" and u, respectively and
calculated as follows:

ZWtP (0) =) (3)

szt g P (S5 (0) = 5) (4)

t=1 s=1

Equations (2) and (4) agree with the second and first best outcome in Wiseman
(2018). We aim to find the optimal values of C; (t,4) and 7/, , which maximize the
utility function of both parties according to the Nash solution The utility function
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of the insured and insurer are denoted by U and V respectively. Assuming that
the insured and the insurer are risk averse, for a contract to be Pareto-optimal,
we give the necessary and sufficient set of conditions, O, where the insurance must
lead to the improvement of the utility for the insured and the insurer. Otherwise
the existence of the insurance will be irrational. Let v be the discount rate and s
be the insured initial health state, we consider the following conditions as rational
constrains:

S VB U (Co (t4) = Yo (t,4) — éﬂ > Zt VTIE U (<Y; (8,1)]
0= Y VBV (rl = Co (1) 20
0<C,(t,i) <Y, (t z)
(5)

2.1 Baseline

By assuming that the insured’s initial health state is known, we present the fol-
lowing main problem to find the set of Pareto-optimal long term health insurance
contracts according to Borch (1960), Gerber(1998) and Jiang et al.(2019).

MAT o, (1,0)€]0,Yx ()], 7t e[0,ME ] (6)

T
H(Cr) = 03 0 E [0 (G (i)~ Vi 1) — )] +

t=1

T
_ P) Z VR [V (Tf’;”‘; - C; (tvl))}

t=1
T
st zut B G0 S Y0, @

MY , is the maximum premium payable due to the risk aversion of the insured

which is determined as follows:
My = (146) s, (8)

For solving the main problem , we consider two following steps:
Stepl) For a fix amount of 7, _ and p € [0, 1] we modify the problem by applay-
ing point-wise maximization Raviv(1992) and Ghossoub(2007)

T
pY VB U (Cy (ti) = Yo (i) — 7l )] + (9)

T T
st D VTUB(C, (1) < D v (10)
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We form the Lagrangian with respect to term under expectation operator:

L(Yw(t,i),C’L(tz , lb, —pzyt v C’l i) — Y, (t,4) — ;é)
) Zyt_lV (71';75 - C, (t,i)) + A Z it (C’w (t,1) — ,u;S) (11)

Now we solve the following problem for the fixed Wi,s and arbitrary \ to find optimal
insurance coverage

maxcx(t,i)e[o,yx(t’i)]lj (Cl (t, Z) ,Ye (t, Z) ,7'(';78) (12)

L1 (.), Ly (.) denote the first and second partial derivative of L with respect to
Cy (t,4). According to risk aversion of the insured, the insurer and concavity of
utility functions we have

L (Y (t,i),Cy (8,0), 7 o, A) = (13)

T
pZ VU (Co (t4) = Yo (t4) — 7 ) +

VIV (rl = Cy (t,4) <0

M’ﬂ

t:l
Therefore, L is strongly concave, and the equation 13 has a unique solution,

which we show by C'(*Ym (£,i)A%)" Using Theorem 1, Lemmas 1 , we acquire the
answer to main problem.

Lemma 2.1. if there exists a A* € R that satisfies these two following condition,
the optimal coverage of the insurer C("Yz(t’i)’)\*) € O solves problem in step 1

(i) YCU € O and satisfies in (5), L (Yz (£,6) , Cly 1y xeys T A*) > L(Yy (t,4),Ca (), 7,

. T - . T
(ii) 34y V' E (C(Yz(t,i),)\*)) <D VT e
Proof. For every Cy, (t,4) € O that satisfy (9) and (10), if we have

PZVt 1E{ ( Va(tiyas) — Yo (81) — t,s) + (14)

T
(1 - p) ZVt_lE |:V (Tr;,s - CEkY + A (Z Vf 1 lu’w s (*Yv(t,i),)\*))> Z

t=1

A)
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If we consider (7) as an equation, assuming ~y as loading factor, we have

T T
L+ 3V E (Cly,pany) = DoV ks (15)
t=1 t=1
If we take expected value of both side due to (7) we have
H (Cly, iy mhs) = H (et ) = (16)
N1+ E (Cly, tayary = Co (6:1)) =0
so
H (C’(*YI(M.M*) - W;@,S) > H (C, (t,i) — 7., (17)
And the proof is completed. O
Theoreml. show that the optimal solution of main problem (4) is
iy, iy = min{Yy (¢,4) ,maz (0,c(Yy (¢,9) , A7)} (18)
In which ¢(Y; (¢,7), A\*) satisty in
Ly (Yz (t,1),Cy (t,0) 7L, A) =0 (19)

Proof. Due to risk aversion of insured, insurer and concavity of utility functions,
we have

Ux)>0 U"(x)<0 (20)
Vi()>0 V"(z)<0
If € is the maximum value of the utility function domain, due to the risk aversion

of the insured and the insurer

ImU(z) =lm V() =0 (21)

€ T—§
Since L4 is continues in Cj, (t,17)

Ll (YHE (t’ Z) ) Cﬂc (ta Z) aﬂ—;,s’ )‘) = (22)

T
pz Vt_lE [U’ (Czyﬁ-t )\*) - yf“ - 7'&';75)]
t=1

i )

S

t=1

FU=p) BV (wh )]

t=1
And satisfies
lim Ly (Yz (t,4),Cy (t,4) , 7k o, ) = U’ (00) + V' (—00) <

y a8y
c—»00 ’

0
lim Ly (Y; (t,1),Cy (t,0) , 7'z, 8,A) = U’ (—00) + V' (c0) > 0 (24)

c——00
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So the solution to (10),c (Y, (t,7),A*), always exists in (—o0,0). If C; (¢,4) = 0,

then

Ly (Yz (t,4),Cy (t,0) 7l A) <0, 50 ¢(Yy (t,i),A%) <O0.

And solution of main problem is maz (0, ¢ (Y (¢,7),A*)). Otherwise, if C,, (¢,i) =

Y. (t,4), then

Ly (Y (t,4),Cy (t,3) , 7k o, A) > 0 consequently ¢ (Y (t,i),A*) > Y, (t,i) almost

surely. And solution is

min{Yy (t,7) ,mazx (0,c (Y (t,4) ,A*))}. And the optimal coverage will be ¢ (Y, (¢,7) , A*).
If c’(*Yw( 1)) is solution in step 1, we determine 7* so that it solves problem in

step 2. O

Step2) By replacing c’{yx(t ) in the main problem, we will get the optimal
t*.» which is a function of E (Y, (t,7)) and p. By placing 7* in Oy (i) a0

the optimal coverage is determined as a function of Y, (¢,4) and E (Y, (¢,4)) and p.
After we drive all of Pareto-optimal contracts and detect Pareto-efficient frontier,

premium,

we obtain a unique solution based on specific p to the negotiation problem by
maximizing the product of the utility gains of two parties, according to [23].

T
1(13%( VITHE U (Cy (i) = Yo (t4) — 7l )] — E[U (Ya (t,1))]] (25)
* ZytflE (7l o — Cu (7))
t=1

2.2 Assuming the insurer’s initial state is known

According to Theorem 1, optimal coverage using Equation 19 becomes

¥, (i), A = TN (Yz (t0), s + [M (Y (t,i) — E (Y (tvi)))226)

Now the optimal insurance premium is obtained by placing cz‘ym e ae) in the main
problem and maximizing it with respect to 7rft’5. The optimal premium denoted by
equation (27)

7 = min (Méﬁs,max (0, ( (27)

z,s

1—p)Bopl o — (1 - 2p)>)
pB1+ (1 —p) B2

Where M,  is the maximum amount of insurance premium. Therefore, the amount
of insurance premiums, is independent of insureds the initial state and depends on
the age and calendar year of the contract. In other words, the policy holder is
insured against the risk of reclassification. However, the insurer’s coverage is state-
contingent and keeps insurer from detriment
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3 Application to Real Data

3.1 Data description

For numerical example, we use the data set issued by the national health insurance
of Iran the Salamat Insurance. It covers the period 2016-2020. The response Y (%)
is indexed by attained age x and calendar year ¢t. It describes the average yearly
Laboratory costs for year t = 2016, --- ,2020 at age x = 1,2,--- ,69. The observed
Y, (t) are displayed in Figure 1. The collected data are crude. We smooth the

1500 UyeaH fenuuy B0

Figure 1: Observed health costs y***

collected crude data with Whittaker-Henderson. The shape of the data is somehow
similar to a mortality surface. Except in some ages, the effect of inflation is visible,
due to an increase in yearly costs as time passes.

According to Christiansen et al. (2018), we predict expected health costs of
upcoming years by normal distribution with parameters (m%?, o?) in which mt* =
alt + gLkt is state-contingent mean and o2 is constant variance of normal distri-
bution. Since the health states are impressed directly by medical costs, we assume
three states.we assume state (1) consists common expenses such as charge a fee
for family doctor and periodic checkups and etc., state (2) consists hospitalization
expenses for surgery etc., and state (3) specific diseases such as cancer and organ
transplantation. If a; <Y, (¢) < b; then Y, (¢) belongs to class i for ¢ € 1,2, 3. That
is because state (3) shows the costs of specific diseases that don’t follow the specific
age pattern. Since the number of polices in state 1 is significantly larger than the
others, the shape of data in state (1) is close to shape of whole data. In this model
entry(i, j) of the transition matrix P, (t) is transition probability between state j
at time ¢ with respect to initial state ¢ at time 0 and is calculated as follows:

pij (1) =p(Sz(t) =7 | 82 (0) =4) =p(a; <Yy (t) <bj|a; <Y, (0)<b;) (28)

which is in the form of the truncated conditional bivariate normal distribution with
2
; ; . . . o 01002
mean vector m, = (m%?, mtJ) and variance-covariance matrix ¥ = ! 92
01002 g5

Fore example p12(5) is the probability of being in state (2) at time 5 with initial
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Expected utility of insurer
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Figure 2: Pareto efficient frontier

state (1) and is computed as follows:

bi b
_ fa1 fa; f(Yw(572)an(071)) (y»L (57 2) y Yz (Oa 1)) dyw(5,2)dyx(0,1)
= b

fall Jya0,0) (2 (0,1)) dy, 0,1

p12(5) (29)

3.2 Examples

We consider T = 10 years’ health insurance contract and calculate the optimal
contract for the 30-year-old insured in 2020. Assume that the utility function of
the insurer V' and the insured U are quadratic.

U(z):f%61x2+x, V(z):féﬂgx2+x (30)

According to risk aversion of insured, insurer and concavity of their utility functions
we let
B1 = 0.000005, B2 = 0.00001, #=0.1

3.3 Assuming the insurer’s initial state is known

For T = 10 years’ health insurance contract, we calculate the optimal contract
for the 30-year-old insured in 2020, and we set the projection interval for optimal
premium in coming years. According to the quiddity of states and the distribution
function of medical costs, Figure 3 shows transition map of this model. First, we
calculate all of the Pareto-optimal contracts according to the O condition set by
equations (26) and (27) for all 3 initial health state. Figure 2 shows Pareto efficient
frontier for appropriate values of p with the corresponding contracts. In this case,
the insured is protected from the risk of reclassification and only faces the risk of
initial health status. However, the insurance coverage depends on the health state
and health costs in the coming years of the contract. For the 30-year-old person,
considering the negotiation parameter p = 0.96 and estimating future health costs
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State 2 ‘

State 1 ‘ state3 ‘

Figure 3: Multi state model

for different initial health states, the insurer’s coverage during the contract are
indicated in Table 1.

Table 1 : Optimal insurance coverage for estimated health costs

2020 2021 2022 2023 2024 2025 2026
health cost, s=1 101192 299818 389548 344666 349982 359325 428750
coverage, s=1 101192 299818 389548 344666 349982 359325 350116

health cost, s=2 668072 1123680 1234221 844861 1544702 863938 1321077
coverage, s=2 263554 443291 402414 505765 363309 521165 340823
health cost, s=3 8252195 8372017 8858438 10035483 9126208 9333422 8720331
coverage, s=3 933323 933323 955359 1036539 1196357 1076984 1105341

700000

600000

500000

400000

300000

Axis Title

200000

100000

1 2 3 4 5 6 7 g 9 10
Axis Title

Figure 4: Premium projection interval with initial health state 1

It is important to provide projection interval for optimal premiums according
the error affecting the quantities of interest. The optimal premium is calculated
in terms of expected health costs and there are two different source of uncertainty
that combined. One in estimating the parameters which are non-linear and other
forecast errors in the projected time trends as well as uncertainty in the short-term
forecast of the time factor, k; by the ARIM A model (0,1,0). In the current ap-
plication, it is impossible to derive the relevant prediction intervals analytically
because theoretical calculation with the fitted model is too complex. That is why
brejetiion proecdhlrdyting thelcontfhetefdiee Hootstapdiscedure frthachryeaininf
the contract yield, N = 1000 sample of normal distribution with the parameters
(al? 4+ BLik", 62%). To set the projection interval Each time we evaluate the op-
timal premium. The 0.95th and 0.05th empirical percentiles are, respectively, the
950th and 50th numbers in the increasing ordered list of 1,000 replications of the
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Figure 5: Premium projection interval with initial health state 2
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Figure 6: Premium projection interval with initial health state 3

optimal premium. The Figures 4, 5 and 6 shows the 0.95¢th percentiles projection
interval for premiums during the contract period for a 30-year-old insured with
each initial health state.

4 Conclusions

In this paper, we considered the long-term health insurance based on the Wiseman
(2018) model as a sequence of annual health insurance policies. To improve the
disadvantages of long-term health insurance, we specify the optimal contract in-
cluding optimal insurance premiums and optimal insurance coverage for the health-
care costs using a negotiation model. Since the health state changes over time,
the insured tends not only to be insured against risk according to his/her health
state within the insurance period, but also to be insured against changing health
state and reclassification of risk. The insurer also seeks a fair premium appro-
priate to the insured’s risk. To achieve this, we determined the optimal contract
based on the negotiation model, in which the negotiation parameter is calculated
based on the Nash solution. The optimal premium is independent of health state
so that the insured is safe against reclassification. However, the insurance cover-
age is state-contingent and protects the insurer from detriment. Moreover, due to
the uncertainty in estimating the parameters of the prediction model, we specified
the projection interval by using the bootstrap method for the optimal insurance
premiums in the coming years.
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