Journal of Mathematics and Modeling in Finance (JMMF) ATU
Vol. 4, No. 2, Summer & Autumn 2024 N | Press

Research paper

Some applications of log-ergodic processes: ergodic
trading model and call option pricing using the irra-
tional rotation

Kiarash Firouzi!, Mohammad Jelodari Mamaghani?

1 Allameh Tabataba’i University, Tehran, Iran
kiarashfirouzi91@gmail.com

2 Faculty of Statistics, Mathematics and Computer, Allameh Tabataba’i University, Tehran, Iran
j-mamaghani@atu.ac.ir

Abstract:

Due to the increasing popularity of futures trading among financial markets par-
ticipants, the risk management of futures trading is of particular importance. In
this paper, we study a futures trading strategy consisting of a long and a short
positions by using the mean reversion property of positive log-ergodic financial
processes. We introduce a model for estimating the ideal time for leaving a trad-
ing position on a stock. Also, using ergodic theorems, we investigate the European
call option pricing problem using an stochastic irrational rotation on the unit cir-
cle. By means of the properties of log-ergodic processes, we use the time average
of the stochastic process of risky assets instead of expectation in our calculations.
Our findings indicate that the proposed model improves the accuracy of predicting
optimal trading times and enhances the computational efficiency of option pricing.
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1 Introduction

Futures market is one of the most popular active markets internationally. The
futures market, originating from the Djima Rice Exchange in 1710, has evolved
significantly, now encompassing a wide range of financial products beyond its agri-
cultural beginnings [6]. In 2006, the New York Stock Exchange partnered with the
Amsterdam-Brussels-Lisbon-Paris Stock Exchange (Euronext Electronic Exchange)
to form the first transcontinental stocks and options exchange. This, as well as the
growth of Internet futures trading platforms created by developed companies, indi-
cate the increasing trend of competition in the field of online futures and options
services in the coming years [9]. In terms of trading volume, the National Stock
Exchange of India in Mumbai is the largest stock futures exchange in the world [8].

Despite the fact that futures trading is one of the most popular types of securities
trading in the world, the high risk of this type of trading is considered a deterrent
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factor for many risk-averse traders [7,10]. Generally, it is difficult to predict the
behavior of financial markets in terms of time, although a research using machine
learning has been conducted in this field [11]. In the paper [12], Harrison Hong
presented a model for the futures market and studied the returns and the trading
pattern of its participants. Binh Do in the paper [13] has studied some trading
models, consisting of long and short positions, on a pair of shares (risky assets).
Researchers have studied futures trading in terms of risk and return. However,
there are very few resources available on estimating the appropriate time to take a
trading position. Rama Cont and his colleagues have described the risk and return
of dynamic trading in the form of fluctuations of the market value of the basket from
a reference level, and based on the price fluctuation, relative to that reference level,
in a path-dependent manner, they have provided a framework for risk analysis of
trading [14]. In this paper, we use the method of [14] and the concept of log-ergodic
process [16] to model futures trading on a risky asset and estimate the ideal time
to take a trading position.

The pricing of financial derivatives is one of the fundamental problems in mathe-
matical finance [2]. In mathematical finance, we use the discount of an expectation
for the pricing of financial derivatives [2]. In this paper, we assume that the price
process of a risky asset follows a log-ergodic process [16]. Studying the price process
of an asset as an ergodic dynamical system on the unit circle (Irrational rotation),
we replace the time average of the price process by mathematical expectation in
our calculations. Artur Avila and his colleagues have studied the behavior of the
random walk process using the irrational rotation and have presented a new proof
of the J. Beck central limit theorem [15].

The rest of the paper is organized as follows:

Some necessary concepts are introduced in section 2. In section 3, we present
the futures trading model. Using the properties of the log-ergodic processes, we
introduce the process of recurrence times and a time interval for leaving a trading
position. In section 4, we define the irrational rotation on the unit circle and
study it’s properties. We study the European call option pricing problem using the
irrational rotation in section 5. In section 6, we solve the ergodic partial differential
equation of Black-Scholes presented in our recent work [16]. The results of the paper
are presented in section 7.

2 preliminaries

Throughout the text, we use the filtered probability space (Q,F,P,(F)i>0), in
which €2 is the space of events, F is a g-algebra, P is an invariant probability measure
(see [10]), and sub o-algebra F; represents the information of the financial market
up to time ¢, which is generated by Wiener process W; (i.e. Fr = o{Ws|s < t}).
From [16] we have the following definitions.

Definition 2.1. (Log-ergodicity) We say that the positive stochastic process X;
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is logarithmically ergodic (log-ergodic), if its logarithm is mean ergodic. More
precisely, the positive stochastic process X is log-ergodic if the process Y; = In(X})
satisfies

- 1 T
<Y > = lim f/ (1- %)Covyy(T)dT =0, Vrelo,T). (1)
0

Where Cov,,(7) is the covariance of Y;.

Definition 2.2. Let W; be a standard Wiener process and g > % For all t,s €
[0, T, we define the ergodic maker operator of the process
Y;IZYO/—FDt—‘rRt as

WT

B —

1
.D5+W.R5:D5’WT+R?’ (2)
where 6 =t — s for t > s.

We introduce the definition of the inverse ergodic maker operator, which we use
in section 6.

Definition 2.3. (Inverse Ergodic Maker Operator) For any mean ergodic random
process Zs = D(;T’WT + R(;T we define the IEMO as follows

- 5
Sw 2 = et g - DI A TO R 150, 3)
T

where c is a constant.

Lemma 2.4. For all ¢ > 0 and any mean ergodic process Yy = Dy + Ry, we have

o [Gw,le+ Y] = e+ Vi
Proof. We have

5 W 1
gﬁ,Wg[ "f‘}/t}—o c—+ TBD ﬁRS

Now, from the definition 3 we have

Wr

5 Wr
gtWt[TﬁD +

Wr TP
=c+Y;.

1
Rs] = c+

ﬁ Dt+T Rt—C+Dt+Rt

O

Proposition 2.5. For any finite mean ergodic process Zs, the coefficient ¢ defined
m 3 1is unique.
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Proof. Assume that there exist numbers ¢, co > 0. From lemma 2.4 for the finite
processes ¢; + Y; and co + Y; we have

f?,ws [c1 + V3] = fgwé [c2 + Y3]. (4)
The equality 4 is true because the EMO drops the constants ¢; and cs. Now, using
3 yields
&, [Eow, e + Y] = &3, (6w, ez + Y]
a+Yi=c+Y;

C1 = C2.
O

Remark 2.6. Note that from uniqueness of the coefficient ¢ in the definition 3
implies that IEMO is well-defined.

Theorem 2.7. (Kac) Let f be a measure preserving transformation, and A € F
such that P(A) > 0. Define pa(w) = min{n € N|f"*(w) € A}. Then,

Epa(w)] = ﬁ, Vw € A.

Proof. For the proof and more details we refer the reader to [1]. O

3 Futures Trading Model: Time Estimation

3.1 The Setup

Suppose that the price process of a risky asset, St, be a log-ergodic positive stochas-
tic process (with respect to {f{ w;[]). Using [16], Poincaré recurrence theorem [1],
and theorem 2.7 the first recurrence time (to the mean), 79 (in the time interval of
length d¢), exists and we define it as follows.

Xy =Xoe", Xo==z, Zs=8&y, Vi, Zo=0, (5)
7o := inf{t € [0, s]|6p = s — 0, Zs, =0}, s> 0. (6)

We define the subsequent return times to the reference level for every
1 €{1,2,3,---} with 7;, such that 7; < 7;41. We call the difference between every
two consecutive recurrence times, the sojourn time and we denote it by d;.

Taking the level Z5 = 0 as the reference level, we divide the path of the Zs into
two parts. One above the reference level, and one bellow the reference level. Then,
we define the set of the sojourn times for the above the reference level as ¢+, and
the set of sojourn times below the reference level as ¢~ and we write

ot ={6 =Tip1 — Ti’Z&- > 0}, (7)
¢~ = {6; = 7iq1 — 7| Zs, <0}, Vi>0. (8)
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Therefore, we write the mean sojourn time of Zs as follows.

. 1 <&
= lim — . +
¢ (2,0) nggonkz:l(gk; 0 € 6%,
1 n
- = lim — -
¢~ (2,9) nggon;ak, 0k € ¢

Obviously, we can also define the sets of all recurrence times and sojourn times,
respectively, as follows.

T ={70,71,T2, " },
§=0¢TU¢™ ={00,01,02,---}, & =741 —Ti, Vi>O0.

. We denote the time when |Z;|
reaches it’s maximum along the path (after leaving the reference level), in every
time interval [, ;11], by tas, and we call it the Order Execution Time (OET).

As the process Zs approaches zero, the reference level, we open a trading position
(long, if the process gets below the reference level, and short if the process gets above
the reference level). We interpret the time t,;, as the time that we close the trade.

Let [ and s be the long and short leverage coefficients, respectively. Then, we
form a basket, V;, consisting of only one long and one short positions. Therefore,
we write the profit of this trade as follows.

For every time interval [7;, 7;41], let M; = max|Z;s,

Ve=13 11| Xr, = Xin [+ 8 Y 1| Xr, = Xoy, |, (9)
i>1 i>1
where,
L if ¢ #0,
Ligy =
0, if ¢ =0.

3.2 The Process of Recurrence Times

Let Y; be an It6 Markov stochastic process. Using [2], we have

t t
Yt=Y0+/ ades+/ tods, Yo =1y,
0 0

Utilizing the ergodic maker operator (EMO), we get a mean ergodic process Zj,
which is made from the process X, according to [16]. Therefore,

¢ t
Y/ =In(X;) =Y +/ osdW, —|—/ psds, Yy =y+In(z),
0 0

1 1 W 4
Zs =GV = 2ot 5 [ oaWor gk [ s Zo=0. (o)
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where p; and oy are the drift and volatility coefficients, which are adapted integrable
functions of ¢t and X, W} is a standard Wiener process, and (3 is the inhibition degree
parameter.

Theorem 3.1. Consider the time interval [0,T] and let X be a log-ergodic stochas-
tic process. Then, the process of recurrence times, {T;}i>0 satisfies the following
dynamics.

o+ 7 peds] v,
Hor; WTi .
7o = inf{t € [0, SH(;() =s—0,Zs, = 0}.

dTi:—

Proof. Consider the fixed path wy. When Z5 meets it’s mean along wg, at the time
interval of length ¢;, we have

1 Wrp [
Zs, = ﬁ/o osdWs + W/o tsds =0

According to [16] we know that the process Zs returns to it’s mean in the time
interval [0,7] once at least. Therefore, we can consider §; as oy = T — 0 = 0.
Hence,

I wr [T
ZT:W/O OSdWs‘FW/O ,UstZO.

Using It6 lemma we have

BT BWr [T prWr
dZT_[T/BJrl i Udes_Tﬁﬂ/O psds + =5 ldT

1 T
+ W[UT + /O psds|dWr

—f urWr
L7
[ T T+ TP

1
T8

T
]dT + [UT —|—/ ,usds] dWr = 0.
0

Since we considered 6 =T — 0 =T, we can write

- W,
iZs = [TBZﬁ e

5
Jdé + 6% o5 +/ psds]dWs = 0.
0

When Zs meets it’s mean, at the time 7; in the time interval of length §; , we have
Zs, = 0. Take §; = 7, — 0 = 7;. Therefore,

pr W, 1 K
dZ.;, = | 5 |dr; + 5 (o7, +/0 psds|dW, = 0.
1

T




Paper 10: Ergodic trading model and call option pricing 165

Hence,
LW 1 i
[M i d z]dri = ——ﬁ[an +/ ,usds]de
T Ti 0
P W dry = — [an + / psds] dw,
0
- dr = — o + Jg" psds] AW, .
’ /’(‘Ti W‘ri
Finally from 6 we write 7o = inf{t € [0, s]|6g = s — 0, Zs, = 0}. O
An Example

Supposing a stock price process, S, follows the geometric Brownian motion
L,
Sy = Spexp{(p — Pl Yt + oW}, So=s. (11)
1
Ytlzln(St) :Y()/+(M_ 50’2)t+0'Wt, YO/ ZIH(S)

Where i and o are constants, and W, is a standard Wiener process. Constructing
the log-ergodic process Zs yields

(u - %02)5WT n oWs

Z5:Z0+ TB Tﬁ ;

Zy=0. (12)
Using theorem 3.1 we have

o+ J7 (1 o)) v,
n—= %0-2 Wn ’

7o = inf{t > 0|t € [t, ¢ + o], Zs, = O}

dTl'**

Thus,
drs — — [0+ (1 —1%;;'2)7',-] dWr,
H—= 50- W‘Fi
B _[ o T} dw.,
a %UQ —H ' WTi .

In the figures below, we have the plot of stock price process 11, figure 1, and the
corresponding Zs process 12. Figure 2 illustrates the recurrence of Zs to its mean
level over time. We can observe how interestingly process Zs tells us where to take
a long or a short position on the stock. As an illustration, two sample short and
long opportunities are shown by arrows.
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Stock Price Plot
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Figure 1: The plot of the stock price process S;.

Mean Ergodic Process Z(d)
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Figure 2: Corresponding mean ergodic Zs process of S;.

As we compare the figures, we realize that there would be some errors in the
plot of the Zs. Therefore, the model does not necessarily provide us with a perfect
strategy. However, it reduces the trading risk.
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3.3 Estimating ¢,

Theorem 3.2. The order execution time tyy,, for all i > 0, satisfies the following

relations
UtM,;

:utMi
Proof. Consider the fixed path wg. Without loss of generality consider the case
that the path of Zs is bellow the reference level, Zs(wp) = 0. In each time interval

< dtMi < dTiJrl.

[Ti, Ti+1], of length &;, the absolute value of Zs(wp) accepts a value in the interval
[0, ‘Ztl\li (wo)|] (6ar; = tar, — 0). Therefore,

ZtMi (WO) S 07

— 1 tlwi dW + Wt}ui tMi d < O
tm; — tMiﬁ 0 Os s tM,iﬁ 0 Hs@S = U,
1 ta, W. » ta;
ﬁ UdeS S _t tlt;,, / Msdsa
M; 0 M; 0
tw; 295 ngi osdWy
osdWs < Wy, psds, = —o———— < Wy, ,
0 *Jo Jo M psds :
Oy AWy, Oty
S g, = ditay, > 2 (13)
NtMi dtﬂf,, N /‘Ltﬂli

On the other hand, we have é; = 7,41 — 7; and

Ti<tMi < Tit+1, = O<tMi_Ti<7'i+1_Ti7
:O<tMi -7 < 6. (14)

Therefore from 13 we write,

g
dta, > ha2%
/’Ltl\li
g,
dtng, — dr; >~ dr,.
/“LtM,;
Using 14 yields
Ot
L —dr; < dtM,- —dr; < dd; = dTi+1 —dT;
/‘LtJin
Ot

< dtMi < dTi+1.
Htas,

4 Irrational Rotation

Definition 4.1. An irrational rotation is a map given by

Rp:[0,1] = [0,1], Rp=x+10 mod 1, (15)
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where 6 is an irrational number.

The circle rotation can be thought of as a subdivision of a circle into two parts,
which are then exchanged with each other. A subdivision into more than two
parts, which are then permuted with one-another, is called an interval exchange
transformation [1].

We can consider another notation for the irrational rotation, which is knows as
the multiplicative notation.

Definition 4.2. (Irrational rotation) For the unit circle S!, let
Ry :S* =S, Ry(z) = ze2™?, (16)

where 6 is an irrational number. We call the mapping 16 an irrational rotation on
the unit circle.

4.1 Stochastic Process 9,

We consider 6; as a stochastic process and dependent on the price process of a risky
asset, X;.
For all t > 0, let
0<9t75§<n, n € N\{oo}.

Therefore,
0 <0 <n®=0<E[?] <n’ (17)

For all £ € N, the angles zero and 2km overlap each other. But, we do not consider
these angles to be the same.
From [2] we have the following relation for the European call option price.

Ct, Xy) = e_T(T_t)EQ[max[xeY‘ - K, O]],

where K is the strike price. We have

K
In(ze¥* — K) = In(ze**) + In(1 — Vi )
=1In(z) +Y; + In(1 — o ).
Using the EMO yields
& o ln(ze” — K)] = Zs + €5, [n(1 - :;;7)} (18)
Lemma 4.3. The natural logarithm, In(1 — Ifyt ), is an irrational number.

Proof. For a European call option to be exercised, we need to have ze¥t > K.
Therefore, we have 0 < 1 — K/ze¥* < 1. From Lindemann-Weierstrass theorem
[4], it follows that e® is non-algebraic, for every positive non-algebraic number
a. Specifically, if a is a rational number, the e* cannot be rational. Therefore,
In(1 — K/ze¥*) is an irrational number, according to [3,4]. O
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Now since 18 is irrational, we define the process 6(z, §) as follows

Definition 4.4. For ¢t > 0, we have

0(z,0)=2Zs + %%, vs = In (1 -
We call 6(z, ), the irrational angle process.
We denote the irrational rotation generated using 6(z,0) by Ry, (+).
Proposition 4.5. The process 6(z,0) is stationary.

Proof. First, we evaluate the expectation of the process.

E[0(=,0)) = E[Z5 + ] = B[] + SO g

Also we have
2 2 2 W52 2
Var((z,6)] = E[f(2,6)°] - E[0(z, 0)]° = E[Z} + 555 3)

2 7 1 ’ 2 1 ’ 2 o
:E[Z(;} —+ T26—1 = ﬁ ) O'Sd8+ W(/; ,LLst) + TQﬁ_l

=Var[0(z,6)] = % {/06 o?ds + t[(/; psds)? + ’Yz?”

Since Y; is an It6 process we have f06 (02 + ps)ds < co. Therefore,
E[6?(z,0)] < .
For all §,e > 0 we have

E[f(z,8)] = E[f(2,6 +¢€)] = 0.

Finally, since the process 6(z, ) is only dependent on §, the length of time intervals,

the correlation function of 0(z, §) is also a function of §. Hence, 6(z, ) is stationary.
O

Proposition 4.6. The process 0(z,0) is mean ergodic.

Proof. We know that Zs is mean ergodic. Also, 5? W [vs] is mean ergodic, according
to [16]. Therefore, from the properties of mean ergodic processes, [16], 0(z,J) is
mean ergodic. O

4.2 The Properties of Irrational Rotation

Proposition 4.7. If Ry is an irrational rotation on the unit circle, with 6 being
an irrational number. Then,

1. The orbit of every x € [0,1] under Ry is dense in the interval [0,1].
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2. Ry is not topologically mizing.

3. Ry is uniquely ergodic, with the lebesgue measure as the unique invariant
probability measure.

4. Let [a,b] € ]0,1]. From the ergodicity of Ry we have

N—1
Nli_{nDO ,;0 X[ab)(Rg (x)) =b—a, x¢€]la,b].

Proof. For the proof and more details we refer the reader to [1]. O

Theorem 4.8. The process Ry, is Markov.

Proof. It suffices to prove the increments of Ry, are independent. We have
Vt >0, Ry, (0)=0-e"? =0,

According to proposition 4.7, since the irrational rotation is ergodic and the orbit of
every point is dense, it follows that for the time T and every s,t > 0, the angles 6,
and 0, are independent from each other. Therefore, Ry, and Ry, are independent.
Hence,
P(Rgt < I|R9t1 R 7R91,n)
Z]P’(Rgt — Ret” + Rgtn < .1‘|R9t1 . ,RQM)
:]P)(Rgt — Rgtn + Retn < m|R9tn) = P(Ret < $|R9tn)

O

We express the following theorem by using [5] to define the function ¢, which is
used in the Birkhoff ergodic theorem.

Theorem 4.9. Let Ry, be an irrational rotation process and ¢ : [0,1] — R be a
continuous function, such that ¢$(0) = ¢(1). Then,

n—1 1
. 1
Jm (5 X2 ot ) = | ot vae .
=0
Proof. From [5] we define the function ), as
P (x) = 2™ = cos(2mima) + i sin(2mima).

We have

wm(ngt (.13)) _ eQTfikgt-HC _ eQwika,,,(/)m(x).
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For m # 0 we write

n—1

’*Zq//m Rg, (x

1 n—1

- |€27mmz| . ’ § e27r7,mk0t
n —

1

_ 2minmby
- ‘1 ¢ L2 0.

- n 1-— 627rim0t n—00

E 1— eQ‘n’imQt

Therefore, if we take ¢(z) = SN _tn Om¥m (), in which

m=

eftNyaftN+17 tee 79150’ e 79151\7 S QC’ Then7

i 5 o 2 =0, = [ oty

Finally, from [1] we know that the set of trigonometric polynomials is dense in the
space of all periodic functions, which completes the proof. O

Remark 4.10. In the above theorem the angle 6_;, for all ¢ > 0, indicates clockwise
orientation on the unit circle. Also ¢y indicates the time that we buy an option
contract. Therefore, the angle 6y = 6, is not zero and it varies with respect to Zs,.
Hence, 6,, is a random irrational number.

Theorem 4.11. Let 6(z,8) be a random angle process with respect to irrational
rotation Ry, on S, such that E[f;] < co. Then, Ry, = ze*™ is log-ergodic with
respect to &5 wi [
Proof. We have

= In(Ry,) = In(z) + 2mi0(z,t), Yo =In(x).
Let 0(z,0) = 0s. Using EMO yields

Qﬂ'iWT
Zs = §§,W(;[Yt] =0+ Wﬁs, Zy = 0.
Evaluating the covariance of Zs yields
472
Cov,, = E[Z}] = —ﬁwg]. (20)
Now, it suffices to we prove
.17 5
< Z >= lim — (1 - =)Cov,,(d)dd = 0. (21)
T—00 0 T

Substituting 20 in 21 yields

1 (TS 42
<Z>— lim 7/0 (%~ 1) o El63)d0

5 4r? 1 T 4
77—E[05]d677“1§c1>of/0 Th= 1E[95]d§

Il
T:
g B
>L:c\
~
N
N
IS

2
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From 17 we know that E[#2] = m < oo. Therefore, the integrals in 22 are finite.
Hence, taking the limit as T — oo yields < Z >= 0. O

The figure 3 demonstrates how the value of Ry, is varies with respect to stock
price.

The Reaction of Rﬁ to Price

180 [ ",
170 I e 1
160 | AN
§ 150 | 4 v
* 140 | o
130 | >
120 | -
N
1 2 3 4
Time

Figure 3: The behavior of the process Ry, on the unit circle relative to the stock
price.

5 European Call Option Pricing Using The Irra-
tional Rotation

In order to study the problem of option pricing using the irrational rotation, we
need to consider a corresponding value of K’ in the interval [0, 1] for the strike price
K. Therefore, we consider ¢ such that ¢(K') = K.

Theorem 5.1. The European call option price with strike price K and the exercise
time T is given by

Wr K

C(Ry,, K) = e*”<ﬁ In(1 — —

where Ry, is the irrational rotation on the unit circle St.
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Proof. From [2] we write

C(Ry,, K) =e~"E°[¢(Ry, (x)) — ¢(K")]
Ze_rtEQ[¢($e2mat _ K]
—e —rt [EQ[¢($62ﬂ19t)] _ K]

#TE&EZMR )~ K)
‘*t(/¢ )y — (23)

From 4.9 we have

> Omthm(x)

m=—tn

V() = 2™ = cos(2mima) + i sin(2mima).

[ oty = [ tuvotw)dy

Therefore,

1

Wr K
= Oody = 0y, = — In(1 — —). 24
| ooy =0, = - ) (24

Substituting 24 in 23 yields
e (W K
C(Ry  K) = ”(—1 1- = —K),
(R, ) 75 (1~ 5o)

where Sy, is the stock price at the time we buy the option contract. O

6 Ergodic Partial differential equation of BlackSc-
holes

From [16] we have the following proposition.

Proposition 6.1. (Ergodic Partial differential equation of BlackScholes) Under the
assumptions of the Black-Scholes model, the European call option price, C(Zs,9),
relative to the stock price variation Zs = z, with respect to short rate r, inhibi-
tion degree parameter B, and the strike price K satisfies in the following partial
differential equation.

oC oc 1 _,0*C

fB —-rC =0 25
85+ 8 + 682 r ) ( )
for O<|Z|<oo, 0<d6<or=T-0,

. q o _ 1,
where Bg—(wj+5?, ¢=p=50,

together with initial conditions C(0,6) = 0 and C(z,6r) = (]z| — In(K))*.
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The goal is to solve this equation in this section.

Proposition 6.2. The PDE 25 has the representation of the form

U _1 v
or 72”83/27

where 0 < 7 < T and —oo < y < o0.

Proof. From [16] we have

Zs

Zs

1

:ﬁ

1

:ﬁ

1
{(/L — 502)(5WT + ocWs

1 1 1
{(u - 502)6 —(n— 502)(5 + (1 — 502)6WT +oWs

1
T°Zs = Y5 + (1 — §U2>[WT — 4]

1
Ys = TﬁZ(; - (/,L— 50'2)[WT —(5]

Therefore, we consider the following change of variables.

Using 27 we have

o=T—r7,

oC
06
oC
0z

9%C
022 0z
e
_(aiyz T A

1

_8087'
T 9r 88
_0C 0y
= 5
9,00, 0

(5.) =2

)T25.

__o¢
or’
oC
— 8=
oy’

(28)

(29)
)

dy

59C
dy

59C
dy

%
0z

(175, = 5,5

dy

Substituting 28, 29, and 30 in 25 yields

Now take

9’c aC

Oy? 87y

2

Bj( )T —rC =0 (31)

1
2

Uy, )e™ ™,
ov

Cly, )
oc _
or or
oC oUu
87y = (QU + 87;1/ y
2C U U

(32)
(BU + ——)e™v ™7,

)eay+br

]eaerbT )
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Substituting the above relations in 31 yields
ou  9?U

oUu oUu B271?%68
ov .78 v R P AT
bU + 5, rzTP [aU + 8y] + = [(a® —a)U + (2a — 1) 9y + 8y2}
2725 oU  B2T?° 5?U

25t 9. - 12 vy

(20— 1)] Oy + 2 Oy?
B272%8

+ [rzT’ga + 7‘52 (a®

= g—[i :[rzTﬁ-l-
—a)—r—>b|U.

Now take
1 rz drz2TP — B(%TQB r2z?
a=-— —5—=, and b= — =05 — T
2  B:TP 8 2Bj
Therefore, we have
2
OU _ L poges U
or 2 N—— y2
n

With initial condition

U(y,0) = C(z,T)e”* = max||z| — In(K)].

6.1 Solving the Heat Equation

Proposition 6.3. The heat equation 26 has a solution of the form

Ut = [ K= e

Proof. Using Fourier transform we have

F{Uy,7)} = U(w,r) = %/_OO Uly, 7)e~“VYdy

S F (U = 09D g,
FlU(5. 7)) =~ F{U (.7} = w20, 7).

From 33 we have
B272%8
.7-'{U7.} = -7:{ 52 Uyy}

A B1% .
Ur(w,7) = —STwQU(w, 7).

The equation 34 is partial differential equation with solution

B‘%Tw sz}
5 )

Ulw,7) = c(w) exp{—
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Using Fourier transform for the initial condition U(y,0) = f(z) yields

F{U(y,0)} = U(w,0) = f(w), Uw,0) = c(w).

Therefore,
. ~ B2728
U(w,7)=U(w,0) exp{f‘sTsz}
A B2128
= f(w)exp{— 52 sz}.

Now using inverse Fourier transform we have

1 <.

Ulyr)=F {Uwr)}=—= [ Ulw,)e“dy
V2T J_so

1 oo B2126
= — wle 2 e w

= f woT zwyd

1 o) 1 o] ) ) B2728
- [ [ i) 35

T J o T J o

o0 1 o0 . BgTzﬂ 5
_ - iw(y—vy)— wT
| G ) ()

oo B2728
K(y—v,T):*/ e

— 00

Now taking

yields
U@mr5[ Ky — v.7)f(7)d.

Lemma 6.4. If v =0, then for K(y,T) we have

2

1 Ty
K ’7_ — QTB(ST .
:7) V21T B3T?P
Proof. Taking v = 0 in 35 yields
oo 8
K(y,7) = i/ ey Bgf “*7 Qo
21 J_ o
BZT28 i 2
_ [ _zTéngTw (v \/%Byﬁ’f”) d
21 J_ o

Let

\/W iy TB2T28
A= $w T = d)\ = ] dOJ.
V2 v /27 B3T?8 2
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Since [~ e Nd\ = /7,

K(y,T) — — ¢ 27 BZT2P

———dA\
2m oo \/TB3T?P
y2 oo
1 \@ 67 ergTZﬂ / 67)\2 d\

[ 2
[

2m \/TB?TQQ —o0

2

1 Y

- 2rB?TM )
/27T B3T?8

6.2 European Option Price: Solving the Equation

Theorem 6.5. The European call option price with respect to stock price X, price
variations z, the EMO {?Wa [[], and the strike price K satisfies the following equa-

tion.
y(A—2)+2p(A—2)2
C(z,7)=e"e 2X [|z| — ln(K)]N[d],
where
In X/ ln(K) T,BB2
:7[ L p=rz|tT?, X=—"T°.
V2pA r|z|

Proof. Using propositions 6.2, 6.3, lemma 6.4, and 32 we write
TBIT?Py — 2rTPr|zly + r|2| T2 B3T3 — { ByT*P72 — r222 72720 }
27B}T?%8 '

eay+b‘r — exp{

Let p = r|z|7T?, Then

PWHIT _ oy {TB§T25y — 2py + prBIT? — iBg‘T“BT? _ pz}
P 2TT25B§
2
BN U AL i L S
N 2
B
BiT? o BIT? 1 BT
plSnry = 2] + 0[S — 1 — ]
= eXp{ TL—}Bg }

2P

B8 2
Now let A = Tr|f|6 . Therefore,

p[)\y — 2y] —|—p2[>\ — %)\2 — 1] }
2pA
y(A =2) + 3p(X - 2)? }
2\

- eXP{(A _ 2)%&/\_2)},

e — exp {

= exp{
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Therefore,

1 y(A—2)+ip(r-2)2 [ 4
- 25 / 67(/21’1) max|[|z| — In(K), 0]dy
—00

Clz,7) =" ———c¢
(z7) /2rnB2T?P

Since |z| = |£§W5 (]|, and 555% [@?Wé [7]] =~ we have

—rT 1 w o 7(3/—“/)2 8
0(277') —=e \/We 2X 57!3 ) e~ 2px (fé,Wg [’Y] _ hl(K))d'y
t, W, 11
pr YOAZDHIPOD? ]

(y—

e _w=? >
[/_ﬁ e 2x 56 Wa[ Jdy — In(K) /_/3 e ey d’y} (36)
£,w, In(K)] ¢ w, In(K)]

I1—1>

Let M = \/7 We have dM = ﬁ Hence,

— 00

_1pp2
I =|z]| In(X)~In(¢; &, mn(ryn € 2 M (— Y, 2p\)dM, (37)
N
- 1M2
I =In(K) /n(X) 1n(gt—€V In(K)]) e 2% (—/2pA)dM. (38)
V2pX\

Substituting 37 and 38 in 36 yields
- y(A—2)+1p(x-2)2 1
[I2]

C —e 7 X
(z,7)=¢""e Tio

ln(X)—ln(E;,é}Vt [In(K)])
V2pX _1lar2
/ e” M (\/2pN)dM
— 00

y(A-2)+1p(1-2)2

—e e [|2] — In(K)]

In(X) —111(5;€Vt (In(K)])

1 / V2pA _ 102
e 2™ dM
ez

Using lemma 2.4 yields vﬁv [In(K)] = In(K). Therefore,
y(A-2)+Lp(r-2)2 ]n(X) — ln[ln(K)]

C(z,7)=e""e 2 2] — ln(K)}N{ T

— In(K)]

Now taking d = W yields.
Ly YOS Ep(-2)?
C(z,7)=e""e E2) [|2] = In(K)| N[d],
where
TP B? q o 1
_ B _ ) _ o o, -2
p_r‘Z|TT ) A= T‘Z| ) 36_65—1 +6’8’ q=p 20 .
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7 Conclusion

Choosing the right time to leave a trading position is always of much interest for
market participants. In this paper, we presented a model using log-ergodic processes
to estimate a time interval for exiting a trading position with profit.

We provided a novel approach to European call option pricing by incorporating
stochastic irrational rotation. We substituted the time average of a mean ergodic
process with the expectation in our calculations, since the irrational rotation is
ergodic. Compared to the traditional Black-Scholes model, this method offers im-
proved accuracy in capturing market dynamics and enhanced computational effi-
ciency due to the use of mean ergodic processes.

Additionally, we solved the ergodic partial differential equation of Black-Scholes,
introduced in our recent work [16]. We have found a unique solution to this equation
which includes the inhibition degree parameter /.

All in all, the financial markets can be studied using the theory of dynamical
systems, as they actually have the property of change of state with respect to time.
Studying the financial markets using ergodic theory have two main advantages:
First, a new approach to solving and modeling financial and economics problems
is provided to us. Second, the use of time average instead of the expectation in
some of the calculations, makes it easier to study the markets in the long run. On
the other hand, the existence of only one descriptive parameter, 3, shows that our
work is in early stages, and there are much work to do in the future studies for a
flawless model to be made.

Bibliography
[1] M. ViaNA , K. OLIVEIRA, Foundations of ergodic theory, No. 151, Cambridge University
Press, 2016.
[2] T. BIORK, Arbitrage theory in continuous time, Oxford University Press, 2019.

[3] J. FELDVOSS, Logarithms of Integers are Irrational, Manuscript, retrieved from http://www.
southalabama.edu/mathstat/personalpages/feldvoss/logintirrat, 2008

[4] Y. V. NESTERENKO, Lindemann—Weierstrass Theorem, Moscow University Mathematics Bul-
letin, Springer, 76, 6 (2021), pp. 239-243.

[5] D. CHERAGHI , T. KUNA , Mathematics of Planet Earth: A Primer, Dynamical Systems,
World Scientific (2018), pp. 225-284.

[6] U. SCHAEDE, Forwards and futures in Tokugawa-period Japan: a mew perspective on the
Dajima rice market, Journal of banking & finance, No. 13 Elsevier (1989), pp. 487-513.

[7] M. JaHAN , H. Mp , J. MD , OTHERS, DERIVATIVES FOR CAPITAL MARKET EFFI-
CIENCY, R&D Wing, MIST, (2010).

[8] P. KAaur , J. SINGH, Ewolution of Exchange Traded Funds (ETFs)-Comparison US and
Indian Bourses., Amity Business Review, (2017), 18.

[9] C. STOLTENBERG , B. C. GEORGE , K. A. LACEY , M. CUTHBERT , The Past Decade of
Regulatory Change in the US and EU Capital Market Regimes: An Evolution from National
Interests toward International Harmonization with Emerging G-20 Leadership, Berkeley J.
Int’l L, HeinOnline, 29 (2011), pp. 577.

[10] C. ZArLooM, The productive life of risk, Cultural Anthropology, Wiley Online Library, 19
(2004), pp. 365-391.

[11] J. WaNg, T. SuN , B. Lv , Y. Cao , D. WANG, 17th IEEE International Conference on
Machine Learning and Applications (ICMLA), IEEE, (2018), pp. 97-104.


http://www. southalabama. edu/mathstat/personal pages/feldvoss/logintirrat
http://www. southalabama. edu/mathstat/personal pages/feldvoss/logintirrat

180

JOURNAL OF MATHEMATICS AND MODELING IN FINANCE

(12]

(13]

(14]

(15]

(16]

H. HoNG, A model of returns and trading in futures markets, The Journal of Finance, Wiley
Online Library, 55 (2000) , pp. 959-988.

B. Do, R. FAFr AND K. HAMZA, A new approach to modeling and estimation for pairs
trading, Proceedings of financial management association European conference, 1 (2006), pp.
87-99.

A. ANANOVA , R. ConT , R. XU, Model-free Analysis of Dynamic Trading Strategies, arXiv
preprint arXiv:2011.02870, 2023.

A. AviLa, D. DoLGoprYAT , E. DURYEV , O. SARIG, The visits to zero of a random walk
driven by an irrational rotation, Israel Journal of Mathematics, Springer , 207 (2015), pp.
653-717.

K. Firouzi , M. J. MAMAGHANI, Log-ergodicity: A New Concept for Modeling Financial
Markets, Statistics Optimization & Information Computing , IAPress , https://doi.org/10.
19139/s0ic-2310-5070-2049 (2024).

How to Cite: Kiarash Firouzi', Mohammad Jelodari Mamaghani?, Some applications of
log-ergodic processes: ergodic trading model and call option pricing using the irrational
rotation, Journal of Mathematics and Modeling in Finance (JMMF), Vol. 4, No. 2,
Pages:159-180, (2024).

Creative Commons Attribution NonCommercial 4.0 International License.

The Journal of Mathematics and Modeling in Finance (JMMF) is licensed under a



https://doi.org/10.19139/soic-2310-5070-2049
https://doi.org/10.19139/soic-2310-5070-2049

