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Abstract:

The aim of this paper is to propose a new method for solving a calss of stochas-
ticfractional optimal control problems. To this end, we introduce an equivalent
form for the presented stochastic-fractional optimal control problem and prove
that these problems have the same solution. Therefore, the corresponding Hamil-
ton JacobiBellman (HJB) equation to the equivalent stochastic-fractional optimal
control problem is presented and then the Hamiltonian of the system is obtained.
Finally, by considering Sharpe ratio as a performance index, Mertons portfolio
selection problem is solved by the presented stochastic-fractional optimal control
method. Moreover, for indicating the advantages of the proposed method, optimal
pairs trading problem is simulated.

Keywords: Stochastic fractional function, Sharpe ratio, Optimal control, Portfolio
management.
Classifications: MSC2010 or JEL Classifications: 35F21, 35R60, 91G10.

1 Introduction

There are two main approaches for solving a stochastic optimal control problem, us-
ing Hamilton-Jacobi-Bellman (HJB) equation and using the Pontryagin Maximum
Principle (PMP) which are based on the dynamic programming method and the
calculus of variations, respectively [6]. In the dynamic programming method, first
a value function is defined by considering sumation of the objective function values
on a horizon. Then the corresponding HJB equation is defined. The value function
have to be smooth that is not established in practical problems, necessarily. For
avoiding this drawback, a suitable formulation in viscosity solutions for dynamic
programming equations was introduced [7]. Solving the HJB equation for the dy-
namic programming method is difficult. In this case, although LQR approach is
considered as a common approach but the path integral methods can solve a class
of non-linear and non-quadratic control problems [8]. The path integral leads us to
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some methods such as non-linear Kalman filters method [9)].

In finance, risk refers to the degree of uncertainty in an investment decision. The
risk of a financial asset investment is one of the factors determining the rate of return
considered by investors. Also, pricing is determined based on the rate of return [12]
. For a portfolio that is comprised of financial assets, there are two types of risk,
systematic and unsystematic risk [10]. The systematic risk is related to market
risk that is inflexible and inevitable. The systematic risk is caused by economic
factors [11]. Even, a variable portfolio has systematic risk. The unsystematic risk
is related to assets of portfolio that is caused by condition of the asset firm. Unlike
systematic risk, unsystematic risk can be adjusted. Indeed, the unsystematic risk
can be decreased by selecting a variable portfolio [10]. Therefore, for obtaining
total risk, the market risk must be estimated. Additionally, the market risk can
be adjusted by considering some adequate financial indexes in formulating optimal
portfolio allocation problems [12].

The Sharpe ratio is one of the financial indexes that provides adjusting the
market risk to maximize the performance of an investment. Indeed, by using of
the Sharpe ratio, investors can understand the return of an investment while it is
compared to it’s risk [13]. If the value of the Sharpe ratio be maximum then the
risk-adjusted return will be minimum [14, 15]. Thereby, by considering the Sharpe
ratio as the objective function, a stochastic optimization problem or a stochastic
optimal control problem with fractional objective function is formulated.

In a fractional programming, the objective function is a ratio of two functions.
The ratio to be optimized often describes some kind of efficiency of a system [18].

In this paper, we attempt to optimize of portfolio with respect to Sharpe ratio
leads. For this purpose, we formulate a new stochastic-fractional optimal con-
trol(SFOC) problem and propose a new approach for solving SFOC problem. In
this new approach, first, an equivalent form is introduced for the SFOC problem.
It is proved that the mentioned problem and it’s equivalent form have the same
optimal solution. Then, the corresponding HJB equation to the equivalent prob-
lem is presented. Thereby, according to optimality conditions, the optimal strategy
can be obtained. Finally, as an application, Merton’s portfolio selection problem is
solved by the presented SFOC method. Moreover, for indicating the advantages of
the proposed method, optimal pairs trading problem is simulated.

The paper is organized as follows; the SFOC problem is stated in Section.2.
The stochastic-fractional optimal control method and it’s algorithm is presented in
Section.3. Finally, solving Merton’s portfolio selection problem and pairs trading
problem are presented as the applications in Section.4. Also, the conclusion is
presented in Section.5.
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2 Statement of the problem

Consider a stochastic control system where dynamics of the state variable is the fol-
lowing stochastic differential equation(SDE) with control-dependent diffusion and
drift coefficients:

dX, = b(X,, u)dt + o( X, us)dWs, (1)

where W is a d-dimensional Brownian motion on a filtered probability space (Q, F,F =
(Fs)s>0, P). The control u = {us}s>0 is an adapted-F process in admissible control
set A C R™. The functions b : R x A — R™ and o : R" x A — R"*4 satisfy a
uniform Lipschitz condition in A :

JK > 0,VX,Y e R",Vu € A,

(X, u) = b(Y, u)[ +[o(X,u) = o(Y,u)| < K[X =Y. (2)

Also, for a finite horizon 0 < ¢t < T < 00, A is a set of control processes u satisfying
the following condition:

E[/O (160, u)|? + (0, ) P)dt] < oo, 3)

The conditions (2) and (3) ensure the existence and uniqueness of the solution of
SDE (1) for all u € A and for any initial condition (¢,z) € [0,7] x R™, starting
from z at s = t. This solution is denoted by {X%*, 0 <t <s<T}.

Now, Consider the following fractional objective function on time interval [0, ]
where ¢ is final time :

VVar(f(X5 )

where f(.,.) is an integrable function on R™ x [0,t]. The objective is to find
a stochastic control u = {us}s>0 that satisfies the SDE (1) and maximizes the
objective fractional function (4). To this end, the following Mayer type stochastic-
fractional optimal control problem with initial condition is to be solved [18].

E[f (X5, us)]

VVar(F(x4e )

subject to : (5)
dXs = b(Xs,us)dt + (X, us)dWs,
X(0) = Xo,

max,, 4 J(u.) =
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3 Solving stochastic-fractional optimal control prob-
lems

In this section, first an equivalent form of the Mayer type stochastic-fractional
optimal control problem(5) is introduced and then by considering the corresponding
(HJB) equation, the equivalent problem is solved.

Theorem 3.1. Consider the stochastic-fractional optimal control problem(5). Then
there exists optimal value J for which the optimal solution of problem(5) is the same
as the optimal solution of the following stochastic-fractional optimal control prob-

lem:
maxy, eA Z(uy,) = E[f(Xtt}w,utf)] — jVar(f(Xf}‘T, ug,)),
subject to : (6)
dXs = b(Xs,us)dt + o(Xs, us)dWs,
X(0) = Xo,

where J is optimal value of the functional J().

Proof. According to the constraints of the problem(5), for s € [0,¢;] define the
function H : R® — R™:

S

H(Xs)=Xs— Xo— /03 b( Xy, uy)dt — /0( o (X, u)dWry, (7)

differentiating, we observe that H(X;) = 0. Therefore, the two problems (5) and
(6) are converted to the following optimization problems, respectively:

VVar(f(X)7 ) )

maXy, cA J(ut,

subject to :

H(Xs)=0
and,
maxy, e Z(u,) = ELf (X" ue, )] = JVar(f(Xg)" ur,),
subject to : 9)
H(X;)=0.

Let, X;, be an optimal solution of the problem (8). According to Karush-Kuhn-
Tucker (KKT) necessary and sufficiency conditions [17], for the optimal solution

X;‘f , there exists a Lagrange multiplier A € R such that :

d( E(f(X{,uf,) ) d

el A»—H(X;)=0. 10
XN Var(F(Xi, ui,) P 1o



Paper 7: Solving SFOCP and application in PM 103

Therefore, we have:

1 dE[f(XF, ui)]  1dVar(f(XF,uf)) E(F(XTu))) }
\/Var(f(X* u?f)) dX 2 dX Var(f(X;kf,u;‘f))

tf7

d *

(11)

E(f( X}, uf
Now, let a = ! and b= 1a U tf* tf*)) . Thus, we have:
\/Var(f(ng,u;f)) 2 Var(f(X{,, ui,))
dEf(Xf )] dVar(F(XE ) d

A b
By taking A = — and J = —, we obtain:
a a

dE[f(X{,,ui )] dVar(f(X7,,uf,)) d .
e J X + AL H(X]) =0. (13)

Therefore, X} . satisfies the KKT necessary and sufficienct conditions for the equiv-
alent stochastic-fractional optimal control problem(9), this completes proof. O

According to theorem (3.1), the problems (5) and (6) have the same optimal so-
lution. Therefore, by solving the problem(6), the optimal solution of the problem(5)
is obtained, as well. For this purpose, consider the value function:

v(t,x) = max [E[f(Xm ug, )] — jVar(f(Xt’gJ ug,)) (14)

ucA tro tro
In the following theorem, the corresponding HJB equation to function (14) is pre-

sented.

Theorem 3.2. Consider the stochastic-fractional optimal control problem(6), the
corresponding HJB equation to function (14) is:

ov(t, x)
ot .
+§tr(a(xt, ug)o(zy, ut)T)

ov(t, x)
Ox (15)

+ maxye A {F(X?xa us) + b(xta ut)
0?v(t, x) } 0

ox?

XL ) d(f — BP0
ds ds '

where F(X5* ug) =

Proof. The Mayer type stochastic-fractional optimal control problem(6) is con-
verted to a Lagrange one, as follows:
Let,

max &(t) = B[f(X; " ug,)] — IVar(f(X]F u,)),

wEA ty o ty o
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where ®(t) = 0 for ¢ < ty. One can obtain,
dE[f(X}" )] AVar(f(XS u,)) _ de
dt dt dt’

since Var(f) = (f — E(f))? so, according to the linearity of E(.), by integrating
the second equality in (16) on interval [0,¢y], we have:

(16)

B(ty) = E[/ttf F(X5T u)ds). (17)

where,

df(Xe7us)  5d(f = E(f)* (X", us)

ds ds '
Therefore, by considering the objective function (17), a Lagrange type equivalent
stochastic-fractional optimal control problem is obtained whose the corresponding
value function is:

P(XY",u,) = (18)

u(t, ) InaXE / F(XL* u ds] (19)

Now, suppose 0 <t <t+h <ty, for a fixed control {u;}+>0 = u we have:

t+h ty
o(t,z) > E[ / F(Xﬁ’“ﬂ,us)ds] +E[ / F(Xﬁ’I,us)ds], (20)
t t+h

According to the definition of the value function(19), we have:
t+h
v(t,x) > E[/ F(Xxte ug)ds] +o(t+h XHh) (21)
¢

By applying Ito’s formula for function v on [t,t 4 h], we have:

4 t+n Ov(s, X07) t+h Ov(s, X07)
olt+ R X[ = o(t@) + [T SRS s 4 [ SRR

t+h8v Xtm)
+o f T

ox X (22)
d{X5s).

where d(X,) = (dX,)? . According to (1), by substituting dX in (22) and the

fact that the stochastic process W is a Standard Brownian Motion so, d(W;) =

(dW;)? = dt, we have:

t+h a’U(S X )
0Os

+5 f“h oz, u)ot (2, u))

t,x
t+h Mb(ax w)ds
ox (23)
ds.

v(t+thfh)>vtx )+ J; ds+ [,
9%v(s, XL7)

0z2

According to inequality (23), by substituting value of v(t + h Xffh) in (21), we
have:
t+h (Ov(s, X1T) Av(s, X7)

02 B[ [ FOXE us)ds) + 9z (24)

+ b(x,u)

1 0?v(s, X17)
1 i 1A
+2tr(a(x7u)a (z,u)) 57 )ds
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According to the mean-value theorem, one can infer:

1 1
0 > limy_0 fE[ i F(ng,us)ds} + Lm0 — [T (@
h5‘ tl 5 h Ut 0s (25)
v v
4z T
() 5o + Str(o (X u)o! (2, 0)) (%2)615.
Since, the inequality (25) holds for any fixed u € A , for all (¢,z) € [0,t7) x R,
t t
PT) 4 maxuea { F(XE ) + bl ) 22000
ot 5 Ox (26)
1 Ot x)y
+§tr(a(wt7ut)0(ast,ut) )W} =0.

O

This completes proof [J.

According to theorem(3.2), the following stochastic control process maximizes
the objective function of the equivalent stochastic-fractional optimal control prob-
lem(6):
ou(t,x)

or (27)

uy € arg(maxueA {F(Xﬁ“, us) + by, up)

+%tr(0($t, ug)o (w4, Ut)”%})'

Algorithm of Solving SFOC problems

In the application section of this paper, this algorithm is programmed and imple-
mented with MATLAB software.

Input : Stochastic-fractional optimal control problem(5).
Output : Stochastic optimal pair (X*, u*).

Step 1: Convert the stochastic-fractional optimal control problem to the
equivalent form(6).

Step 2: Describe HIB equation(15) corresponding to the equivalent SFOC
problem

Step 3: Compute stochastic process {u;} by solving the HIB equation.
Step 4: Compute the response of the control process, i.e compute the solution
F-adapted process {X;} of the SDE (1).

4 Applications

In this section, two examples, Merton portfolio allocation problem and pairs trad-
ing problem are considered for indicating the advantages and applicable capacity
of the presented method.
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4.1 Sharp Ratio

Sharp Ratio measures return per unit of deviation (risk) in an investment asset or
a trading strategy. For better understanding of how this ratio works, its formula is
presented as follows [2]

E(X)

S(X) = SHdD(X) (28)

where:

e E(X) is the return of a portfolio.
e StdD(X) is the standard deviation of X.

The formula (28) is compatible with the definition Sharp ratio in page 3, completely.
Because, E(X) denotes return and StdD(X) denotes risk. If the value of the
Sharpe ratio be maximum then the risk-adjusted return will be minimum.This index
expresses the return of investing in a portfolio for a level of market risk(systematic
risk). The higher Sharp Ratio, the lower risk of portfolio [2].

4.2 Merton portfolio allocation problem

Suppose that a portfolio is constructed on time interval [0,7] such that for any
t € [0,T] a fraction of wealth u(t) is invested in stock with interest rate p and fixed
volatility o whereas the remaining fraction 1 —u(t) invested in a bond with interest
rate 7. According to Black-Scholes model, if the dynamics of the rate of return of
bond and stock are respectively expressed as follows:

dSo(t) ds(t)
i

= udt 4+ odw, (29)

where r, u and o are positive real numbers and also, w is Brownian motion then the
dynamics of variable of wealth obtained from investing in the portfolio, is expressed

as follows: o 45(%) 0S0(t)
t 0
= 1 —
Wt Ut S + ( Ut) So
= w(pdt + odw;) + (1 — we)rdt (30)

= {Ut(ﬂ —7r)+ 7’} dt + upodwy.

dW,
Let, dX; = Wt then X; is the rate of return of the portfolio.

The objecti\fe is that the return of the investing in this portfolio be maximized in
a finite horizon T' < co. According to the modern portfolio theory: for a given level
of market risk, portfolios can be constructed to maximize expected return. The
relationship between risk level and return can be shown by a curve called efficient
frontier [1]. Every efficient portfolio corresponds to a point on curve.
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Note that the optimal portfolios have maximum return for a given level of market
risk. Therefore, in this paper Merton portfolio allocation problem is solved by the
proposed method such that the resulting portfolio on the efficient frontier.

According to section 4.1 and assumptions mentioned above, the aim of solving
the investing problem in portfolio constructed based on Merton portfolio allocation
is to design an optimal strategy such that Sharp Ratio of portfolio maximizes.
Therefore, the following stochastic-fractional optimal control must be solved:

E(X,,)
u J = : 3
maxyeA (utf) Var(Xuf)
subject to : (31)
dX; = [ut(u —r)+ 7’} dt + uzodws,
X(0) = X,

where 7,0,y are as (29).

According to algorithm of solving stochastic-fractional optimal control problems
and specially theorem(3.1), the problem(31) is converted to a Lagrange type equiv-
alent SFOC problem and then the following value function considered:

v(t,x) = max [E(Xuf) - jVar(Xuf) (32)

ucA

According to theorem(3.2), the corresponding HJB equation to the value func-
tion(32) is:

ovu(t,x v
(815 ) + maxy,e A{ F (X", us) + @ (s (pp — ) + T)F
1 O%u(t ’ (33)
Jr,gzu%zM} -0
2 t 9g2 ’

where
dX B jd(X — E(X))2

ds ds
Now, suppose that (z*,u*) is the stochastic optimal solution of the equivalent form

F(X§’17us) =

of the problem (31). Therefore we have:

v
Z(t.x*) =
L ta%) =0,
F(X£’17us) =0
ov, (34)
T%(w 7t) = 08 1 82
v v
oy (uf (p — r))% + §a2u*2x2‘2@ =0
From fourth equation in (34):
Ov
—2u—71) s
ut o 2= 9y (35)

zio? 0%

x?
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where,
o OB | [} F(X!, u,)ds)
or ox ’
om[ [ (& (X0 ug)  5d(f = B()XE" u)y (36)
_ ¢ ds ds
ox ’

here, f(X5", us) = X5*. Therefore, we have:

5 GE[ s (dxg»x — Jd(xte — E(X))?)}
or Ox ’

OB|(XE7 — X" = J(XIT = B(X))? + (X! — B(X))?)]
B Oz ’ (37)
aE( —z+J(a - E(X))?)
- Oz ’
= 1+ 2JE(z - X)
where X = E(X). Also
0%v 0 /0v N
527 = 7 ow) =2 (38)

4.3 Optimal pairs trading by using SFOC approach

Now, the optimal pair-trading problem is formulated as a SFOC Problem. Accord-
ing to section 4.1 and dynamics of paired stock prices, spread and wealth value [5],
the objective of investing in portfolio constructed based on pair-trading strategy
is to design an optimal strategy such that Sharp Ratio of portfolio be maximized.
Therefore, the following stochastic-fractional optimal control is to solved:

E(Xu,)
u J = L
msica dlun,) = oo
subject to :
1, ;o (39)
dX; = u(t) (k(e — Spr(t)) + 572 + por + r)dt + u(t)dw(t)
dSpry = k(0 — Spr(t))dt + Adw(t)
X(0) = Xo, Spr(0) = Spro,

where, the first and second constraints describe the wealth and spread dynamics,
respectively. The third constraint specifies the initial wealth of the portfolio and
the spread.

Solving Optimal Pairs Trading Problem by SFOC Method

Consequently, the optimal pairs trading problem (39) is solved by the proposed
stochastic-fractional optimal control method.
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According to algorithm of solving stochastic-fractional optimal control problems
and specially theorem(3.1), the problem(39) is converted to a Lagrange type equiv-
alent SFOC problem and then according to (19), the following value function con-
sidered:

ty

v(t,x) = maxE{/ F(XY" ug)ds|. (40)
ueA t ’

where F(.,.) is as (18). According to theorem(3.2), the corresponding HJB equation

to the value function(40) is:

ov(t, x)
ot

1 9, 1
+auy (k(9 — Spr(t)) + 5)\2 + poA+ 7") 8—; + §A2ut2xf

+ maXuEA{F(X;ma us)
. (41)

preliai

in which optimal control Hamiltonian is

1
H(u) = max,ec A{F(X5%, us) + zpuy (k(& — Spr(t)) + 5/\2 + po+ 7') 9v

1 0? or
v
Since, the optimal pairs-trading strategy u* satisfies the equation %(u*) =0
therefore, according to the theorem(3.2):
1 0
2<k(9 — Spr(t)) + =A% + poX + r) g
uj = 2 Oz (42)
A2 0?v

Ox?

2

0 3
where a—v and 8—12) are determined by Eqs (37) and (38), respectively.
x z

Simulation Results

In this section, a stochastic-fractional optimal pairs-trading strategy for a given
pair stocks price, S and So, is obtained. Also, all of the parameters of this simu-
lation are chosen same as [5] such that the results of this paper can be compared
with the presented results of method in [5].

According to [5], the price process of stock 2, Sy(¢) is simulated by taking a series
of 1-day time period. We have assumed 251 trading days in a year. So, stock 2 is
simulated where, ¢ = 0.3 and ¢ = 0.1. Moreover, since the price variable of stock
2 and the spread are correlated by p, the processes B = {B(t)} and w = {w(t)} are
set to be two standard normal random processes such that p = 0.19 .

Additionally, according to [5], the stock price of stock 1 can be obtained as:

Sy (t) = Sy(t)ePr®, (43)
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For obtaining the stock price paths for stock 1 and 2, the above simulations are
implemented for one trading year(251 days). The results has been shown in the

Figure 1.

180 T

- StockSl

160 —_ SlockSZ H
&# 140 4
S
5]
2
8120 1
<
g
% 100 i

o
S

1020 40 60 80 100 120 140 160 180 200 220 24Q@50
days

Figure 1: Time series of stock 1 and 2 by SFOC method.

Figure 1 depicts the time series of stock 1 and 2. Therefore, we can identify the
path dynamics of the two stocks and adopt it for describing the wealth value dy-

namics.

Now, according to Equation (42), the optimal pairs-trading strategy can be
computed via the above identified data for stock 1, stock 2, the spread between the
pair of stocks and the corresponding parameter values. The optimal pairs-trading

strategy is simulated in Figure (2).

0.2 T T

T T
——optimal pair trading strategy u*

e

Y

»
T

1

Strategy
o

0.05 &

0 50 100 150 200 250 300
Days

Figure 2: optimal pairs-trading strategy by SFOC method.

Figure.2 shows the obtained stochastic-fractional Optimal control signal. Accord-
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ing to the control curve, the proportion of portfolio that is allocated to investing in
stock is determined at any time. Since an optimal strategy maximizes Sharp Ratio
of a portfolio and consequently, the resulting optimal portfolio is on the efficient
frontier curve, therefore by adopting the optimal pairs-trading strategy shown in
figure.2 , we can obtain an efficient portfolio.

Now, according to the above simulated data and [5] the wealth values simula-
tion is illustrated in the Figure 3. Figure.3 shows that, the value of the portfolio

Wealth
1500 T T

1400

1300

1200

Wealth($)

1100

1000

900 1 | 1 |
0 50 100 150 200 250 300

Days

Figure 3: Wealth evolution by SFOC method.

increases from 1000 to 1432 in one year. Indeed, this represents a yearly return of
over 42% for the portfolio based on SFOC pairs-trading strategy. Figure.3 shows
increasing behaviour of the wealth value of the portfolio at any time. For the given
level of market risk, the obtained portfolio have maximum return at any time.

Now, the stochastic control approach [5] is implemented for two stocks 1 and 2
and results are compared with the proposed SFOC method results. For this pur-
pose, the simulation of the stock price paths for stocks 1 and 2 are run in the one
year (251 trading days) for corresponding parameters values which are mentioned
above. Figure 4 shows the logarithm values of data for stock 1 and 2.
Additionally, the optimal pairs-trading strategy can be computed by using the
above identified data. The simulated values of the optimal pairs-trading are shown
in Figure 5.

Additionally, according to [5] and pairs-trading strategies, the wealth values are
obtained and the results of simulation are shown in Figure 6.

Figure 6 shows that value of the portfolio increases from 1000$ to 1380% in one
year. Figure 6 shows that the wealth value of the portfolio deviates from increas-
ing procedure. Also, since the risk index is not considered therefore the obtained
portfolio is not efficient one, necessarily.
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Time series of the prices of stocks A and B

8 T T

stock prices

1020 40 60 80 100 120 140 160 180 200 220 24@50
Days

Figure 4: Time series of stock 1 and 2 by [5] .
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200 §
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Figure 5: Optimal Stochastic Pairs-Trading by [5].

5 Conclusion

In this paper, the stochastic—fractional optimal control problem was formulated
and a new algorithm was proposed for solving it. According to the proposed al-
gorithm, first, the equivalent form of the problem was introduced. It was proved
that optimal solutions of the two problems are the same. Therefore, by solving
the equivalent stochastic—{ractional optimal control problem based on (HIB) equa-
tion method, the optimal control was obtained. Indeed, the corresponding value
function to the equivalent stochastic—fractional optimal control problem allowed to
calculate the optimal control rule based on applying the optimality conditions to
the Hamiltonian system. For facilitating the stochastic—{ractional optimal control
method, two theorems were proved. For highlighting the application of proposed
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Wealth
1500 T T T

1300 - 7

Wealth($

1000 §

1020 40 60 80 100 120 140 160 180 200 220 24@50
Days

Figure 6: Wealth evolution by [5].

method, by considering Sharpe ratio as performance index, Merton’s portfolio se-

lection problem was solved and optimal pairs trading problem was simulated.

Bibliography

(1]
2]

3]
(4]

[5]

[6]

M. SANEI, S. BANIHASHEMIYZ, M. KAVEH, Estimation of portfolio effcient frontier by different
measures of risk via DEA, Int.J.Industrial Mathematics, Vol. 8,(2016), pp.10.

F. KIRCHER, D. RoscH, A shrinkage approach for Sharpe ratio optimal portfolios with esti-
mation risks, Journal of Banking Finance, Vol.133, (2021), pp.

F.ORESTE, Quantum trading, John Wiley Sons, Inc., Hoboken, New Jersey (2011), pp.29-33.

D. S. EHRMAN, The handbook of pairs trading, John Wiley Sons, Inc., Hoboken, New Jersey
(2006), pp.1-272.

S. MUDCHANATONGSUK, J. A. PRIMBS, W. Wong, Optimal pairs trading: A stochastic control
approach, IEEE, Conference Location: Seattle, WA, USA, , (2008), pp.1035-1039.

S.CHEN, J.YONG, Stochastic linear quadratic optimal control problems, APPL MATH OPTIM,
Vor.43(1), (2001), pp.21-45.

E.Rouy, A.TOURIN, A wiscosity solutions approach to shape-from-shading, SIAM J. NUMER.
ANAL, VoL.29(3), pp.1-19, (2004).

H.KAPPEN, path integrals symetry breaking for optimal control theory, JOURNAL OF STATIS-
TICAL MECHANICS: THEORY AND EXPERIENCE, (1992), pp.11011.

B.BaLAJI, Continuous-discrete path integral filtering, ENTEROPY, VoOL.11, (2013), ppP.402-
430.

E.J. ELToN, MARTIN J. GRUBER, Modern Portfolio Theory and Investment Analysis, 361,
JoHN WILEY SONS,(1995).

H.GEERING, F. HErRzZOG, G. DONDI, Stochastic Optimal Control with Applications in Fi-
nancial Engineering, Springer optimization and its applications, VoL.39, (2010), pp.375 -
408.

J.PHOLIPPER, Risk2: Measuring the Riak in Value at Risk, FINANCIAL ANALYSTS JOUR-
NAL,(1996), pp.47-56.

W. F. SHARPE, Mutual Fund Performance, JOURNAL OF BUSINESS, VOL.39, (1966), PP.119-
138.

L.KopPMAN, S. Liu, Mazimizing the Sharpe Ratio and Information Ratio in the Barra Opti-
mizer, JOURNAL OF BUSINESS, PP.14, (2009).



114 JOURNAL OF MATHEMATICS AND MODELING IN FINANCE

[15] A.AL-ARADI, S. JAIMUNGAL, Outperformance and Tracking: Dynamic Asset Allocation for
Active and Passive Portfolio Management, APPLIED MATHEMATICAL FINANCE, , (2018),
PP.33.

[16] O.P.AGRAWAL, A general formulation and solution scheme for fractional optimal control
problems, NONLINEAR DYN. VoL.38(1), (2004), pp.323337.

[17] AN L1, E. FENG, X. SUN, Stochastic optimal control and algorithm of the trajectory of hor-
izontal wells, JOURNAL OF COMPUTATIONAL AND APPLIED MATHEMATICS , VOL.212 ,(2008),
pPp. 419 430.

[18] F. POUROFOGHI, D. DARVISHI SALOKOLAEIL, Solving linear fractional programming problems
in uncertain environments: A movel approach with grey parameters, CONTROL AND OPTI-
MIZATION IN APPLIED MATHEMATICS, VOL.9(1), (2024), pr.169-183.

How to Cite: Saba Yaghobipour®, Majid Yarahmadi?, Stochastic-fractional optimal control
problems and application in portfolio management, Journal of Mathematics and Modeling in
Finance (JMMF), Vol. 4, No. 2, Pages:99-114, (2024).

The Journal of Mathematics and Modeling in Finance (JMMF) is licensed under a

Creative Commons Attribution NonCommercial 4.0 International License.




