Journal of Mathematics and Modeling in Finance (JMMF) ATU
Vol. 5, No. 1, Winter & Spring 2025 N | Press

Research paper

On data-driven robust portfolio optimization with
semi mean absolute deviation via support vector clus-
tering

Eftekhar Kosarinia', Maziar Salahi?, Tahereh Khodamoradi?®

! Department of Applied Mathematics, Faculty of Mathematical Sciences, University of Guilan, Rasht,
Iran

kosarinia@outlook.com

2 Department of Applied Mathematics, Faculty of Mathematical Sciences, University of Guilan, Rasht,
Iran

salahim@guilan.ac.ir

3 Department of Applied Mathematics, Faculty of Mathematical Sciences, University of Guilan, Rasht,
Iran

khodamoradi.tahereh@gmail.com

Abstract:

In [14] the authors have studied robust semi-mean absolute deviation portfolio op-
timization model when assets expected returns involve uncertainty. They applied
a data driven approach via support vector clustering to construct the uncertainty
set using support vector clustering. In this paper, we show that their robust for-
mulation is not the worst case counterpart of the original model. Then we give
the true robust model of the underlying problems in the best an worst cases. Ex-
periments are conducted to show the optimal objective value of the robust model
in [14] belongs to the interval generated by our best and worst case models.
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1 Introduction

Modern portfolio theory or Markowitz mean-variance model, is a mathematical
framework for assembling a portfolio of assets such that the expected return is
maximized for a given level of risk [9]. However, from practical point of view it
ignores many realistic constraints faced by investors. Thus, it was modified to
include features like transaction costs [11], multi-period optimization [8], and the
cardinality constraint [3]. Also, due to the fact that variance is not a coherence risk
measure, other risk measures such as conditional value-at-risk and several others
are proposed in the literature [12,13].

In all of the above-mentioned portfolio optimization models, parameters such as
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returns are not known in advance and historical data often are used to predict them.
This might lead to inaccurate results thus wrong choice of portfolios. To deal with
such uncertainty in portfolio optimization models, a widely used approach is the so
called robust optimization which has been applied to several models [1,4,7,10,15].
An important step in all robust optimization models, is the choice of uncertainty
set. Considering uncertainty too big might lead to too conservative solution and
considering it too small might left out solutions that might be the the right choice.
So choosing it based on the available data come across as a natural choice. Data
driven uncertainty set has been variously applied in different optimization models
among which is the so called portfolio optimization models [2,7,16]. Recently, in
[14] the authors have studied portfolio optimization under the semi-mean absolute
deviation (SMAD) risk measure [5] under uncertainty and applied the data driven
approach of [16] to construct the uncertainty set. They reformulated the robust
model as an Linear Programming (LP) problem and performed experiments to
show the effectiveness of the robust model compared to the similar models in the
literature.

As the authors in [14] treated uncertain return in two constraints differently,

thus in this paper we derive the true robust models in the best and worst cases
by a different approach. This enables practitioners to obtain portfolio’s behavior
in the best and worst cases. The derived models are nonlinear compared to the
LP model in [14]. Experiments on S&P500 datasets are conducted to confirm our
theoretical findings.
The rest of the paper is organized as follows. Section 2 briefly reviews the portfo-
lio optimization problem. Data driven uncertainty set is reviewed in Section 3. In
Section 4, we present the best and worst robust counterparts of the underlying port-
folio optimization problem under data driven uncertainty set. Finally, experiments
are conducted in Section 5.

2 Portfolio optimization model with SMAD risk
measure

The SMAD as a risk measure which is proposed by Feinstein and Thapa [5] considers
returns below the expected return. It is defined as follows

SMAD(w) = E{|E(Ry) — Rul.}.

Under the discrete distribution of returns, it becomes

T n n
SMAD(w) = Zpt <|Z Wi — thwi|+> )
t=1 i=1

i=1
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where p = (p1,...,pr)T,t = 1,...,T. Then the portfolio optimization problem
that takes a trade-off between SMAD and expected return is as follows:

min A

T n
> pde =Y riw; < A
=1 i=1

n n
Zriwi 727’“102' § dt, t= 1,...,T
i=1 i=1

which is an LP problem.

3 Data driven uncertainty set and robust model
of [14]

Let {r¥}&_| be a collection of uncertain returns for n assets i.e., r* € R" k =

1,...,N. In the support vector clustering (SVC) based approach of [16], the goal

is to find the smallest ball that includes data points. To avoid large radius ball and
exclude outliers, the following soft-margin version is considered:

N
1
. 2 o
pn o R 26
lo(r*) —all3< R* + &, k=1,..., N, (2)
& >0, k=1,...,N,

where ¢ : R® — R* is a kernel function that maps data points to the feature space.
For computational efficiency, its dual formulation is used as follows:

N N N
main Z Z ooy, K (rF k) — ZakK(rk,rk) (3)
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Shang et al. [16] proposed to use the following weighted generalized kernel:

n

K(r*,r* ) =% bi = [U@* =), (4)

i=1

where U = 72 and X is the covariance matrix of the data matrix D. Also, to
ensure that kernel is positive definite, b is chosen such that

bi > maxul r* — minu? 7k,
k k

where u; is the ith column of U. Now let a* be the optimal solution of the dual
model (3). We define the index sets of supprot vector (SV) and boundary SV (BSV)
as follows:

SV = {k|aj >0}, (5)

.1

Then the radius R can be found by computing the distance between the center a
and any boundary support vector rk/, k' € BSV as follows:

R = lo(r*) - al3
= (66%) — )" (90" ~a)
= o) () — 20 Ja + a2

_ T Ky % N k' k Al * sk k k1
=o(r™) ¢(r*) = 2a; Y d(rF)e(rF) + > Y ajag, o(rF)e(r*)
k=1

k=1k1=1

N N N
=K@ ") =23 apK(r* o* ZZ ajap K(rk,r™), k' € BSV. (7)
k=1 k=1

Following this, data points r in the uncertainty set V(D) satisfy the following
inequality:

QZakKTT +ZZaZo¢k Forkty < R2 (8)
k=1ky=1
Now using (7), it becomes:

2ZakKrr —l—ZZa};ak (rk, k) <

k=1ki=1

N
k rk/)—2ZaZK(r —|—Z Za};akl rk k),
k=1

k=1ki=1
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N N
-2 Z K (r,rF) < =2 Z ap K (r*
k=1 k=1

N

ZakKrr ZZ WK (r lrk),
1

N N
V(D):{r| ZakKTr 22 EBSV}
k=1 k=1

Since for of =0,k ¢ SV and using (4) we further have

> ai (Zb — U —r* ||1> > > ap (Zb —lloe* rk>||1>,

keSV kesv

> anazm— Do aillu =)= Y Z%b Yo allu =),

keSV i=1 kesSvV keSV i=1 kesSV
ST aplluer—rM)h< D apllue =),
keSV kesSvV
thus

V(D) = {r| ST aplUtr =)< Y aplluEt =), K GBSV}.

kesSVv kesv

Finally, taking
0 = . * K’ _ ..k
k,gggv{ > aplue® —r )II1}
keSV
and

2 =|U(r =) € R, k€ SV,

we have

V(D) = {r | 3z s.t. Z ajzle<@and — 2, <U(r — rk) <z ke SV} , (9)
keSV

where e = (1,. ..,1)T e R™
The proposed robust portfolio optimization model in [14] using SMAD as a risk
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measure under the uncertainty set V(D) is as follows:

min

A

T

Zptdt + max (—rTw) < A,
P} reV (D)

n
max (rTw)—thwi—dt <0,t=1,...,T,

reV (D) P
n

Zwi = 1,

1=1

w; >0,1=1,...,n,
di >0, t=1, , T

Using LP duality for max,cy (p)(—r"w) and max,cy(p)(r’w), the authors in [14]
have obtained the following equivalent model of (10):

min

A

T
Zptdt + Z (e — M) UTY + 60 < A,

t=1

keSV

Z UM — px) —w = 0,
kesV
br + A\ = n.ag.e, ke SV,

Z (fk—Tk)TUrk—l—%—Zritwi—dt <0,t=1,...,T,

kesv i=1

Z U(rp — &) +w =0,
keSV
fk-l-Tk :5ake, kGS‘/,

=1

’LUZZO, i:l,...,n,

77>5ZOa Mk)Avakvgk GRZL—v kESV;
dt207 t:17,T

As we see, the authors in [14] have treated uncertain r in first and second set of
constraints of model (10) differently, thus the two maximums might attain at two
Therefore it does not give the robust model of (1) in the

different » € V(D).

worst case.

Following this weakness, in the next section we provide the robust

counterparts of (1) in the best and worst cases.
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4 The best and worst robust models

In this section, we give the robust version of (1) in the best and worst cases. This
gives us an interval that contains the optimal objective value of model (11).

4.1 Best case

The best case (lower bound) of model (1) when 7 is uncertain and belong to the
set V(D) is the solution of the following problem:

T n
. . T T
min min E row — g T Wi | =1 w |, 12
rev(D) W < Dt it Wi 1 ) (12)

t=1 =1

which can be written as follows

T n
min Zptdt — Z riw;
t=1 i=1
n n
Z’)"iﬂ)i—ZTit’wiSdt,t:].,...7T (13)
=1 i=1

i=1

One can see that the first term in the first set of constraint is bilinear, thus the
problem becomes nonlinear and nonconvex as opposed to the LP model in [14].

4.2 Worst case

The worst case (upper bound) of model (1) under the uncertainty V(D) is as follows:

T n
. T T
max min E rtw — E TaWi|le—r w | . 14
reV(D) w <t=1pt = it l|+ ) ( )
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First we focus on the inner minimization problem. Let dy = [>°1 | rw;—Y iy rasw; |+,
then the minimization problem becomes

T n
min Zptdt — Zriwi
t=1 i=1
n n
Zriwi - Zﬂtwi S dt7 t= 1,...,T
=1 i=1

Y=

i=1

w; >0,t1=1,...,n
di>0,t=1,...,T,

and its dual is

max 10}

T T
ZriTt—ZritTt—i—(ﬁS—m, i=1,...,n
t=1 t=1

-1 <p, t=1,....,T,

- >0,t=1,...,T.

Then using strong duality in LP, (14) becomes

max 10}

T T
E TiTt—g raut+o < —ri,i=1,....n
t=1 t=1

- <p,t=1,...,T

Z arzte <0 (15)
kesv
—z2 < U(rfrk) <z, ke SV

—tho, tZL,T

Similar to the best case, the first term in the first set of constraints are bilinear
thus the problem becomes nonconvex.

Lemma 4.1. Let OPTLp and OPTyp be the optimal objective values of models
(13) and (15). Then the interval [OPTrp, OPTyp| contains OPTR, the optimal
objective value of model (11).

Proof: It easily follows from the construction of models (13) and (15). O
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5 Experimental results

In this section, we conducted experiments on the datasets of 50 assets from S& P
500 to validate the theoretical results numerically as well. All implementations are
done in MATLAB, CVX [6] is used to solve convex optimization models (1) and
(11) and 'fmincon’ command of MATLAB is used to solve nonlinear and nonconvex
models (13) and (15). The results are summarized in Tables 3-8, where we report
optimal objective values of all models, risks and mean returns. Portfolio’s return is
computed as y, = > rgw;,t =1,...,T, portfolio’s mean return, and standard
deviation also are computed as follows:

S Zhiw _ [Sh@-wp
T T-1 '

As we see in Table 3, for all scenarios the objective function of model (11) lies in
between objective values of models (13) and (15) as also proved in Lemma 4.1. In
Tables 4-8 for different scenarios, we report the risks, returns and their ratios. As
we see, both best and worst case models have better return to risk ratios compared
to models (1) and (11). These results confirm our theoretical development.

Table 1: Objective function values for n = 50, T' = 24.

N Model (1) Model (11) Model (13) Model (15)

N =100 —0.0261 0.0134 0.0117 0.0162
N =150 —0.0261 0.0160 0.0148 0.0193
N =200 —0.0261 0.0152 0.0135 0.0185
N =250 —0.0261 0.0178 0.0156 0.0200
N =300 —0.0261 0.0183 0.0166 0.0215

Table 2: Returns, risks and their ratios for n = 50, T' = 24, N = 100.

Model (1) Model (11) Model (13) Model (15)

Return (0395 0.0174 0.0370 0.0381
Risk 0.0399 0.0218 0.0358 0.0362
Return

Risk 0.9883 0.7982 1.0335 1.0532
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Table 3:

Returns, risks and their ratios for n = 50, T' = 24, N = 150.

Model (1) Model (11) Model (13) Model (15)

Return  .0395 0.0170 0.0357 0.0372

Risk 0.0399 0.0219 0.0353 0.0359

Setumn 0.9883 0.7735 1.0124 1.0354
Table 4: Returns, risks and their ratios for n = 50, T = 24, N = 200.
Model (1) Model (11) Model (13) Model (15)

Return  (.0395 0.0177 0.0360 0.0398

Risk 0.0399 0.0222 0.0351 0.0381

Hewm 9883 0.7975 1.0251 1.0426
Table 5: Returns, risks and their ratios for n = 50, T' = 24, N = 250.
Model (1) Model (11) Model (13) Model (15)

Return  (.0395 0.0164 0.0328 0.0386

Risk 0.0399 0.0228 0.0326 0.0379

Ao 0.9883 0.7207 1.0048 1.0183
Table 6: Returns, risks and their ratios for n = 50, T = 24, N = 300.
Model (1) Model (11) Model (13) Model (15)

Return  (.0395 0.0167 0.0374 0.0389

Risk 0.0399 0.0207 0.0357 0.0364

Rewm ) 9883 0.8094 1.0473 1.0691
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